X-ray near-field speckle-based phase-sensing approaches provide an efficient means to characterize optical elements. Here, we present a theoretical review of several of these speckle methods and show some experimental applications for characterizing both refractive and reflective optical components. These fast and accurate X-ray at-wavelength metrology methods can assist the manufacture of X-ray optics that transport x-ray beams with minimum amount of wavefront distortion. We also recall how such methods can facilitate online optimization of active optics.
I. INTRODUCTION
With wavelengths of the order of the Angström or shorter, hard X-ray light puts stringent requirements on the optics needed to tailor and transport the beams produced by advanced accelerator-based light sources such as synchrotrons or x-ray free-electron lasers (XFEL). In order to preserve the intrinsic properties of such radiation -such as the temporal and spatial coherence, the time stability, the flux and spectral characteristics -specific and difficult to manufacture optics must be employed. The material and the shape of X-ray optics must be controlled at a scale approaching the working wavelength in order to fulfill the Rayleigh criterion and not degrade the beam properties [1] . To achieve diffraction limited focusing performance, state-of-the-art hard X-ray mirrors can now be manufactured with reflective surfaces offering height errors less than a nanometer from the theoretical perfect elliptical figure [2, 3] . Refractive X-ray optics working in transmission have shape error requirements approximately three orders of magnitude less than reflective optics. In such optics the physical curvature has to be much larger (implying much smaller radii for lens surfaces) to obtain equivalent focusing properties, making the manufacture of large numerical aperture optics eqyally challenging [4] .
Optical metrology instruments such as long trace profilers, nano-optical machines and interferometers are invaluable tools assisting in the design and fabrication of ever better performing reflective X-ray optics. Nevertheless, at-wavelength metrology of X-ray optics is now considered to be the ultimate tool for characterizing the performance of optics at synchrotron and XFEL beamlines. The optimum operating parameters can be attained only by measuring the state of the X-ray beam under working conditions. In addition to providing the necessary input for the alignment of optical components, online metrology cab also yield information regarding the beam vibrational stability, the thermal load and the mechanical constraints on the optics. * berujon@esrf.eu For the most demanding applications, at-wavelength metrology methods should be able to reach a sensitivity of the order of a hundredth of a wavelength or better with micrometre scale spatial resolution. This corresponds to an angular sensitivity for X-rays better than tens of nanoradians combined with a micrometric resolution. While such a metrology performance makes its implementation difficult, the weak interaction of X-rays with matter renders the task even more challenging.
Current state-of-the-art grazing incidence X-ray mirrors for use with coherent illumination must typically present a figure accuracy better than a nanometer over several tens of millimeters [5] . Meter long mirrors in operation at the European XFEL now fulfill these characteristics [6] . In contrast, when compound refractive lenses (CRL) working in transmission are stacked together, the cumulated shape error must remain below a few micrometers [7] . For such transmission optics the individual characterization of each of the lenses can provide invaluable information not only for the shape errors but also the sub-surface material structure (inclusions, porosity etc) . Thus, in view of manufacturing X-ray optics with better performance, online metrology is expected to provide the ultimate information beyond the limitations of offline metrology. Apart from the advantages of measuring the optics under working conditions, the much shorter wavelength of the X-rays compared to visible light provides greater sensitivity and resolution [8] .
Active optics is another application where online metrology is particularly powerful. Many x-ray optics can be optimized using different methods for wavefront correction including the insertion of a phase plate or deformable optics. Within the X-ray reflective optics domain this is done using dynamically deformable mirrors. These optical component surfaces can be distorted, up to a certain extent, to tune and shape a beam. This optimization can be achieved more readily if reliable atwavelength metrology methods are available [9] .
A variety of online metrology approaches were developed at synchrotrons over the years. As the quality of the X-ray optics kept increasing, the need for a better metrology was felt more strongly. Although the pencil beam approach [10] probably remains today the most widespread technique for its simplicity of implementa-tion, limitations arise due to its limited spatial resolution. Additionally, with pulsed sources such as the new X-ray Free electron lasers and even with diffraction limited storage rings, an online metrology performed out of focus is highly preferred since the flux density at the focal point can easily damage even the most robust detector.
Many other approaches exist and are sometimes implemented for more complete characterizations [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . However, at-wavelength metrology has only recently been implemented at synchrotrons as a systematic and routine inspection tool for optical components.
X-ray near-field speckle-based phase-sensing methods are amongst the most recent approaches introduced for online X-ray at-wavelength metrology. Some important advantages of these methods were already demonstrated such as the high angular sensitivity combined with an attractive simplicity of experimental implementation. Using partially coherent light from a synchrotron source, the methods have been demonstrated to be fast, efficient and accurate [22] while the feasibility of applying the methods at laboratory sources was also shown [23] .
At the ESRF and mainly at its Instrumentation Facility, beamline BM05 [24] , speckle-tracking methods are regularly applied for at-wavelength characterization of new optical components and for development purposes. In this article, we review different near-field speckle schemes and show experimental applications for beam, lens and mirror characterizations.
II. THEORY
This section reviews some fundamental principles of the X-ray speckle approaches used for metrology and the various numerical processing approaches developed over the years. The recovery of the scattering signal, also accessible with these speckle-based techniques, will not be discussed here, since it is of reduced interest for metrology applications. Conversely, measurement of the wavefront phase error signal allows determination the focusing and wavefield propagation of the X-rays.
A. Metrology modes
We make a distinction between two kinds of metrology, or, to be more precise two types of characterization, described further as "absolute" and "differential" modes.
Differential metrology
Differential metrology is comparable to what is sensed when performing phase contrast imaging. In this method only the phase shift induced by a sample or optic is measured. For this approach, two data sets are collected, one with and the other one without the sample present in the beam; the wavefront difference is inferred from these two sets of data. Figure 1 shows two configurations used for the recovery of the wavefront in differential mode for an object (a) in transmission and (b) in reflection. For the measurements presented in this mode, we will always use a speckle generator, an object with small phase-shifting features, located upstream of the sample -the optics under investigation. The propagation distance d used for the calculation of the deflection angle generated by a wavefront distortion is the distance from the sample to the detector. Alternatively, the scattering screen can be placed downstream of a sample providing the magnification factor is correctly taken into account in the calculation (for focusing optics).
Absolute metrology
Absolute metrology is sensitive to the full state of a beam, that includes the contributions of the source and of all optical elements located in the beam path. In other words, absolute metrology permits measurement of the X-ray beam wavefront at any position, for instance at a sample position or downstream of a set of optical elements. Such metrology is necessary to optimize the optical configuration of a beamline and also to provide reference values when comparing different beams. To perform the optimization of active optics, absolute metrology is required to measure the wavefront to be corrected.
Typical information obtained using absolute metrology are the radius of curvature of the beam and the optical aberrations. Such data permit measurement of the focal length and the beam size at the focal plane. Figure 2 shows different geometries employed for absolute metrology. For the X-ray speckle vector tracking (XSVT), X-ray speckle tracking (XST) and X-ray speckle scanning (XSS) methods in absolute mode (presented in Sec. II B 2, II B 3 and II B 4), the detector has to be moved along the beam axis between two scans and the distance d is the distance between the two detector planes. For the XSS in the self-correlation mode described in Sec. II B 5 where a single scan is needed, and similarly to the differential mode, the distance d used for the calculation is however the one from the sample to the detector position noted d in Fig. 1 .
B. Principles

Generalities
Although applicable with various light spectra, the techniques explained below are particularly advantageous in the X-ray regime due to the shorter wavelength implied and the resulting longer distances. Indeed, nearfield speckle were shown not to change in size and shape over a propagation distance Dξ/λ, with λ being the wavelength, ξ the size of the random phase modulator (e.g the grains' size) and D the transverse coherence length [25] . Over this distance, the distortion of the speckle interference pattern is only governed by the wavefront distortions. In the hard X-ray regime, this distance ranges from several millimeters to many meters depending on the source divergence and coherence, allowing the small deviation angles due to the wavefront distortions to be measured.
The speckle pattern used to modulate the wavefront can be obtained either by an interferometric process, making the random pattern as a true speckle pattern, or from an absorption mask with random small apertures. In practice, the speckle observed with X-rays is often a combination of interference and absorption processes.
The experimental simplicity of the speckle-based techniques comes at a higher computational cost with respect to alternative more instrumentation demanding techniques. They rely on tracking similar or resembling signals either in different propagation planes or at different times as is the case for the differential metrology mode [26] . Since each speckle is, or can be assumed to be, unique, each grain acts as a marker permitting the rays' propagation direction to be determined in a geometrical way. Using a series of detector images with a shifted speckle generator or membrane pushes the resolution provided by the tracking principle down that of the detector and also offers an increase in robustness.
Here, for the signal tracking, we will solely use the originally introduced method that searches for the maximum of a correlation peak [26, 27] . Since then, other authors employed different algorithms based on the minimization of a square sum difference [23, 28, 29] with or without randomness in the wavefront modulator. Nevertheless, these numerical recipes are equivalent if we set the dark-field signal issue aside.
Let us assume two 'speckle' signals, or random sets of two-dimensional intensity pattern on a detector s 1 , s 2 that are functions of (r, τ ), r being a pixel position on the detector in the (x, y) basis transverse to the z X-ray beam propagation direction. The controllable parameter τ describes in (x, y) the position of the speckle generator which is movable with high accuracy thanks to high precision motors. Both signals s 1 , s 2 can thus have a dimension up to four: two dimensions for the two-dimensional position of a point on the detector r(x, y) plus two generated by τ (x, y). Yet, the signals are collected at different propagation distances (e.g. s 1 = s(r, τ, z = z 1 ) and s 1 = s(r, τ, z = z 2 )) or, when the detector is kept fixed with z 1 = z 2 while the beam state has been changed by, for instance, the insertion of an object.
Similarity in the signals is found numerically by calculating the normalized cross-correlation coefficients C which can be written in the most general case:
The operator s denotes a signal normalization over the window function w r0,τ0 (r, τ ) = w(r − r 0 )w(τ − τ 0 ) centered around r 0 and τ 0 and fulfilling the normalization condition:
(2) Whilst w r0 (r) is used to define the position of the detector, i.e. where the calculation is performed, w τ0 is usually defined by the range of speckle generator positions that are scanned. In practice, a window, w r0 , with larger dimensions will result in a lower spatial resolution traded for a greater accuracy gain. For w τ0 , a larger window corresponds to larger data collection but also to higher accuracy.
We have then for s(r, τ ):
with s the mean of s over the window:
and σ(s) its standard deviation:
As inidicated above, some authors prefer to use an alternative operator to the cross-correlation one [23, 29] , called Normalized Sum of Square Difference, B, that must be minimized:
The relation between the operators C and B is simply:
if, again, one does not take into account the dark-field signal.
The different speckle approaches were initially introduced within the extreme case when w τ0 (τ ) = δ(τ − τ 0 ) where δ denotes the Dirac distribution in the case of XST, and equivalently w r0 (r) = δ(r−r 0 ) for the XSS technique. However, improved methods were later established by using larger window functions and hence improved information gain from neighboring pixels as well as integrating redundant information, which helped increase the methods' sensitivity and noise robustness.
The displacement vector υ from s 1 , s 2 for a pixel at position r 0 on the detector is defined as:
The tracking of the speckle signals is further used to infer geometrically the trajectory of the X-rays and recover the wavefront W . The relation is valid within the first Born approximation and in a homogeneous media of optical index n. In that case, n dp dr = gradW , where p is a position vector of a typical point on the ray and r [30] . The beam phase is hence linked to the wavefront through the approximate geometrical view: φ = kW , k being the wavenumber.
Using the notation ∇ for the del or nabla operator, the beam phase and wavefront can be linked to the displacement vector by:
where Γ is a geometric magnification scalar (cf. Fig. 3 and Ref . [31] ) and d is the relevant propagation distance previously discussed. This signal tracking principle is implementable in different geometries and adaptable to different applications. The sample can be placed either upstream or downstream of the speckle generator whilst the detector position can be varied in several manners. Next, we briefly review the different techniques based on the signal tracking principle explained above.
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Illustration of the origin of the Γ factor for the case of a diverging source and a speckle generator located upstream of the sample. The photon deflection angle induced by refraction in the sample is represented by α (located in the sample plane). When measuring υ1 rather than υ2 as with XSS, one must scale the displacement vector by a Γ factor to recover α through the relationship linking the angles α = β + ζ. Equivalent considerations are used when using a setup where the speckle generator is placed after the sample.
2. X-ray speckle tracking X-ray speckle tracking (XST) in differential and absolute modes was the first near-field speckle based processing approach described in the literature [26, 27] . It is directly inspired from numerical recipes employed in mechanics and particle image velocimetry where digital image correlation algorithms are intensively used to infer mechanical deformation or fluid fields [32, 33] .
XST consists of recording only two images of the same speckle pattern with and without a sample inserted into the beam or at two propagation distances, the speckle generator being kept static at all times. The first image represents the signal s 1 (r) and the second one the reference signal s 2 (r). Given that this method is not a scanning technique, s 1 and s 2 are independent of τ . The displacement vector is simply recovered from Eq. 1 and 8:
where u is equal to zero and w r0 r has a typical size of about 7 to 20 pixels in diameter. Here the spatial resolution of the technique is lower than that of the detector. However, the need of a single exposure of the sample makes it more readily applicable to time resolved or dynamical studies.
In the differential mode, XST is quite straightforward to apply, with two images taken with and without the sample inserted into the beam, the detector remaining in a fixed position.
In this case Γ of Eq. 9 is equal to 1 and ∇φ = v 0 /(kd) in the plane of the sample in the case of the speckle generator placed upstream of the sample. For the case where the positions are inverted, the Γ factor must be adjusted accordingly. Noting R s the distance from the source to the sample and l the distance between the speckle generator and this sample, Γ = 1 + l/R s , XST in the absolute mode was first described in Ref. [26] . In this mode, the two images are taken at different distances downstream of the speckle generator and subsets of the first image are tracked across the second one. The speckle grains are used as markers materializing the trajectory of the X-rays between the two propagation planes. The setup is depicted in Fig. 2 where the detector is moved at two distinct positions separated by a distance ranging from a few tens of millimeter for photons of a few kilo-electron volts energy to a few meters when working at a higher energy, a typical distance being of a few hundreds of millimeters.
In this mode, the subsets tracked from one image to the other image can be strongly distorted due to the setup geometry. Whilst the tracking of the correlation peak, as defined by Eq. 10, does not take into account the subset distortion induced by the sample, more robust methods exist, consisting of maximizing C XST of Eq. 10 as a function of six or more variables. These algorithms take into account the subset distortions and improve the method robustness and accuracy although at greater cost in terms of computing resources [34] .
The XST principle was also demonstrated for single pulse metrology using an experimental setup in which a partly x-ray transparent detector is followed by a second downstream detector [34, 35] thus allowing images to be recorded on both detectors simultaneously. Such an experimental setup permits to track temporally the absolute variation of the beam. Those schemes, that were applied at different sources such as the European XFEL, will be the subject of a separate publication.
Recently, a fast Fourier transform based method was shown to be able to recover the speckle displacement quickly for a whole image with high resolution [36] . However this mathematical processing displays a singularity at the zero-frequency position in the Fourier space that requires a regularization process for the formula to be stable. Unlike for imaging where small features matter the most, and particularly for computed tomography where low spatial frequencies are usually filtered out in the reconstruction process, this regularization is problematic in the case of metrology applications since we are mainly interested in the low order aberrations. The use of real space methods avoids this source of low frequency noise amplification.
X-ray speckle vector tracking
The X-ray speckle vector tracking (XSVT) processing scheme was first described in the second part of Ref. [37] . In this scanning technique, multiple images, initially randomly chosen, are then collected at N well-defined transverse positions of the speckle generator τ (
When the sample is inserted into the beam, the signal s 1 is reorganized into a three dimensional one by stacking the images from a first scan of the speckle generator. Later the s 2 is built repeating the very same scan, this time with the object of investigation removed from the beam or at a different propagation distance z.
Although s 1 and s 2 are three-dimensional, the correlation is operated over r and with u = 0: (11) and Γ = 1 as for XST, or Γ = 1+l/R s if the membrane is located downstream of the sample. In the first introduction of the method, XSVT used w r0 (r − r 0 ) = δ(r − r 0 ), δ being here the Dirac delta function. Later, the technique evolved with the use of a small w r0 window to trade some resolution for getting more accuracy without increasing the amount of data collection [22] . For time computing issues, one should select a window size to that the total number of elements in the vector does not exceed around 100 elements. While for metrology purpose, one rather have to favour a large number of images and a unitary w r0 window size, for imaging application one can aim at using only a few images and increase the w r0 window size until sufficient statistics is obtained, e.g a typical size for w r0 of 3x3 to 6x6. XST can be seen as a special case of XSVT with
The considerations of XST for the absolute and differential metrology modes apply in an equivalent manner to XSVT. With signals s 1 and s 2 recorded at different propagation planes, one can access the absolute metrology in contrast to the differential metrology obtained when signals are recorded at the same location but at different times.
X-ray speckle scanning
The X-ray speckle scanning (XSS) approach was first described in Ref. [38] and later simplified in terms of data collection in Ref. [37] . It was shown that this processing method is equivalent to the one used in grating interferometry in which one of the gratings is scanned in the phase stepping mode. In this case, the signals (s 1 , s 2 ) are built by scanning the speckle generator position τ using a fine mesh. The signals (s 1 , s 2 ) are four-dimensional and the cross-correlation is done over τ with v = 0:
For XSS, the Γ factor of Eq. 9 depends on the geometry and the divergence of the setup. With a source located at a distance R s and the object placed at a distance l from the speckle generator, it was demonstrated that Γ = (R s + l + d)/R s for the scaling the angles at the sample position [31] . In the case where a collimated probe beam is used, Γ is reduced to 1.
In Ref. [37] , a variant of the XSS process scheme showed ways of reducing the amount of data collected in an attempt to infer each time injective functions of s 1 to s 2 . The strategy explained therein mainly consists of collecting a complete reference scan by performing fine, though limited in size, mesh scans of s 2 while recording a lesser number of points for s 1 with the speckle generator positioned at the central points P k of the previous meshes. In that case the reorganized data for s 1 (r, τ, P k ) and s 2 (r, τ, P k ) go up to dimension five, the correlation simply becoming:
In the first presentations of XSS [37, 38] , the processing was done pixel by pixel, i.e. with w r0 (r − r 0 ) = δ(r − r 0 ). However, as for XSVT, accuracy can be gained by enlarging the window w r0 at the cost of a reduction of the spatial resolution. In a manner comparable to XSVT, one easy way of numerically implementing this feature consists of concatenating data from different pixels of s together along a fourth or fifth dimension. However, this numerical processing, although trivial to program, is memory demanding.
Speckle scanning self-correlation mode
In the self-correlation speckle scanning processing method, a variant of the XSS one, only one large scan of the speckle generator is performed. Although this method gives access to the absolute wavefront curvature, the distance d is here the one from the sample to the detector as shown in Fig. 1 . In that method, s 1 = s 2 and a self-correlation of this signal among different pixels is operated:
From the calculation of υ, it was shown that the local absolute beam curvature κ was equal to:
In practice, ∆r is in the order of a few pixels and w r0 is often equal to w r0 (r) = δ(r − r 0 ). This processing assumes a well-known and constant pixel size over the full detector active area. This parameter can be extracted using speckle-based method as explained in [34] . Hence, by calculating four curvature fields, the absolute wavefront maps can be recovered through a double integration.
Within the small angle approximation, the curvature fields being linear, the differential phase induced by a sample can also be recovered by integrating the difference of curvature between the configurations with the sample located in and out of the beam.
As we shall show later, this processing method is found to be of interest for measuring strongly wavefront distorting optics.
Hybrid tracking: XSVT-XSS
While the XSVT and XSS methods restrict the search of v by cross-correlations solely over either the r or τ parameters, we can come back to Eq. 8 in which the cross-correlation is operated over both v and u. Now, let us consider the signals s 1 and s 2 collected during scans of the speckle generator whose range is much larger than a demagnified pixel size s pix /Γ.
We consider now v = u = 0 and hence v = v + u as in a general case. In practice, as for XSS, the hybrid method merging XSS and XSVT starts with the recording of s 1 and s 2 by operating two bidimensional scans of the speckle generator. The signals from different pixels are further numerically correlated to track their shift over the two variable parameters v and u using:
Although slightly more complex to implement and more demanding in terms of calculation time, this processing method can be useful when high sensitivity is needed on strongly curved wavefronts both in absolute and differential mode. When used within a magnifying setup, the Γ factor of the method gets two distinct component for v and u.
Note that, as with the other processing methods, the size of w r0,τ0 can be larger than unity for both parameters, thus increasing the amount of data injected in the correlation calculation and the need for computing resources.
C. Experimental aspects
Although the requirements placed on the X-ray beam for the implementation of the speckle based techniques are rather small, a couple of factors can induce systematic errors. One has to consider and to minimize the errors induced by the beam, the detector and the speckle generator.
Detector distortion
The detector can be responsible for the generation of systematic errors in the measurements. The main source of error is the distortion induced by the optical system employed for recording the high resolution images. For hard X-rays, high-resolution imaging detectors use a scintillator to convert the X-rays to visible light. The visible light image is then recorded by a camera through a magnifying optical system. The presence of lenses and of a microscope objective are the main sources of distortion. These systematic errors must be corrected for, as is also the case for grating-based methods [39] .
We use the technique described in [34] to characterize the optical distortion of our system at the beginning of each of our experiments. Figure 4 displays the typical distortion of one of our X-ray imaging systems consisting of a CMOS PCO Edge camera, a thin LSO:Tb scintillator with 10 µm thickness and a magnifying optics that eventually leads to an effective pixel size of s pix = 0.615 µm.
In this case the peak-to-valley amplitude of the distortion is in the order of two pixels but can be much larger when employing detectors with larger chips and/or a cheap microscope magnifying objective.
Here, the calculated distortion is not used to correct all recorded images but only the gradient maps using twodimensional bicubic interpolation. Indeed, as the XSS processing operates pixel by pixel, no systematic error from the detector is introduced in the angular measurement. Using the other method in which neighboring pixels are considered, the local detector distortion from one pixel to the neighboring ones is so small (> 10 −3 pixel per pixel) that its effect on the displacement vector is negligible. The only case where the raw images must be corrected is for the XST and XSVT methods used in absolute mode since the distortion differs for the two images or stacks of images.
Monochromaticity requirements
The previous measurements in the literature were obtained under monochromatic conditions with a selectivity corresponding to ∆E/E ∼ 10 −4 . For a quick comparison study a diamond lens known for having noticeable aberrations was measured in similar conditions but with two different bandwidths of ∆E/E ∼ 10 −4 as before and of ∆E/E ∼ 10 −2 using a multilayer monochromator. In both cases, the photon energy was a peak centered around E = 15 keV .
The lens was characterized in both cases using the speckle vector tracking technique with 49 scanning points. The wavefront gradient and wavefront shape were recovered using the XSVT methods described in Sec. II B 3. The comparative results presented in Fig. 5 show that the results are in very good agreement despite a spectral bandwidth ratio of ∼ 70. The optical aberrations of the lens in (c-d) and (g-h) match very well down to the sub-microradian scale. This can be more precisely observed in the wavefront gradient difference maps shown in (j-j). Therein, the gradient differences are homogeneous and in the tens of nanoradians range except at points where the correlation was bad due to a lack of light. Finally, the difference phasemap in (k) with amplitude in the nanoradian range confirm the good agreement between the two measurements.
That experiment quantitatively confirmed that in the near-field, requirements on the longitudinal monochromaticity are not stringent. Whilst a bandwidth of a couple of percent is still very selective with respect to a laboratory sources, numerical simulations showed that by working with a broader source spectrum and introducing the concept of equivalent energy, quantitative results were still achievable [40] . However, for quantitative metrology, δ(λ eq ) must be selected carefully in order to recover the material's thickness.
D. Choice of a speckle generator material
The choice of the speckle generator material is not very restrictive and only a few practical guidelines are presented. One may want to empirically test a few scattering objects to find the one best suited for a certain experiment.
The criteria defining a good speckle generator object are the visibility of the speckle grains in the images and their size. In practice the dimension of the grains should be selected so as to cover a few pixels of the image (<10 pixels) and with a contrast, defined by the standard deviation over the average intensity, greater than 0.10, at least. Hence depending on the energy and on the detector used, granular material, sandpapers, filters, used individually or in stacks, have been found to be suitable. While the transverse coherence of the beam will help to increase the speckle contrast, the absorption of the material can also be used to generate speckle grains. In that case though, care should be taken to use a speckle membrane generator with an acceptable total absorption, that is stable in time, which can handle the photon flux and does not diffract too much at larger scattering angles.
III. EXPERIMENTS
The following metrology examples aim to demonstrate the validity of the speckle-based phase sensing methods in various scenarios. Note that, beyond the code necessary for the phase retrieval from the speckle images, one should also consider the further analysis that is needed, usually requiring dedicated routines specific for optics metrology using an X-ray beam.
The metrology experiments presented here were conducted at the beamline BM05 of the ESRF [24] . This beamline is a multipurpose facility equipped with a characterization platform devoted to the measurements of various optical components. The photons are produced by a 0.85 T dipole with electrons circulating in the ESRF storage ring with a nominal energy of E = 6.03 GeV. The X-ray spectrum accessible at the beamline is continuous and determined by the accelerator parameters.
All the data and analysis presented here were processed with home made routines coded under MATLAB. A nonsupported version of some of the code may be obtained upon request whilst another more robust Python implementation is readily available for the calculation of detector distortion, the XST and XSVT analysis methods at https://gitlab.esrf.fr/cojocaru/swarp.
Beyond the code necessary for recovering the beam phase, as described above, additional processing routines must be integrated in many cases in order to extract in a useful manner the required information. This is the case for instance for the phase error, an optics thickness error or a wavefront modal decomposition. See for instance the processing case of a lens at https://gitlab.esrf.fr/cojocaru.
A. Beam metrology
Absolute beam state
This first example aims to demonstrate the use of the XSVT method (section II B 3) for the measurement of the absolute beam wavefront.
The beam measured is that of BM05, ESRF, when using a vertically deflecting multilayer monochromator with the energy set to E = 17 keV.
Two sets of 100 images were collected sequentially in two propagation planes separated by d = 200 mm and located at approximately 40.5 m from the source. The detector was a FReLoN camera coupled to an optics imaging a 10 µm thick LSO:Tb scintillator, rendering an effective pixel size of p ix = 0.78 µm. As mentioned earlier, XSVT has a sensitivity proportional to the detector pixel size. Hence, a high resolution imaging detector is strongly recommended when implementing this technique in order to maximize its performance. Fig. 6 shows in (a) the speckle and intensity fringes generated by the multilayer of the monochromator upon beam reflection. These are noticeable in the vertical wavefront gradient, (c), and correspond to angular aberrations of the order of a few tens to hundreds of nanoradians as we shall see further. An important parameter that one can extract from this metrology is the astigmatism of the beam. While in the horizontal direction (transverse to the monochromator double-bounce reflection in the vertical direction) the source distance extracted perfectly matches the physical distance from the source to the detector, a discrepancy is observed in the vertical direction. The virtual vertical source distance calculated is f v = 44.8 m compared to an expected value of f = 40 m. This aberration is introduced by the monochromator, perhaps due to a thermal bump generated on the first monochromator mirror.
Beam stability measurements
The beam stability of a beamline can be monitored using XST (see section II B 2), applied on sequences of images recorded with a fast time sampling resolution. The example presented is again for the ESRF beamline BM05 after monochromatization at E = 17 keV in this instance using the beamline double-crystal monochromator.
In this experiment, the X-ray flux density and the minimum number of counts necessary on the detector for a reliable tracking fixed the achievable time resolution limit. With a setup comparable to that shown in Fig. 1.(a) Figure 7.(b) is the time spectral decomposition of the angular beam positions. From these graphs, one can identify vibration modes, already known at the ESRF, around 35 Hz but also peaks near 12 Hz and 18 Hz originating from flow induced vibrations coming from the monochromator cooling. This application illustrates the potential of the method for beamline optimization and design.
With respect to the approaches using a pinhole or focusing optics, the use of the XST based method for the monitoring of the beam stability presents the advantage to be much more photon efficient. Indeed there is no or very little absorption in the monitoring device and many pixels are used to track the angular direction of the beam whilst only a few pixels are used with the previously mentioned competitive methods. The improved photon statistics allow a better peformance in terms of noise and sensitivity. Moreover, the XST method can be easily applied at higher energy where the pinhole and optics based methods become challenging to implement.
B. 2D mirror surface characterization
Online mirror metrology using the speckle scanning technique was demonstrated in Ref. [41] . A simplified and truncated two-dimensional approach of the technique was later published in Ref. [42] . In the following we demonstrate a more exact way of recovering a mirror shape from 2D raster scans of the speckle generator using the 2D absolute XSS method with self-correlation of Sec. II B 5.
The experimental setup used corresponds to that shown in Fig. 1.(b) where the camera is kept fixed during a scan of the speckle generator. The method applied here was a direct and complete application of the method of Ref. [41] in two dimensions, which implies in practice a quadratic level of complexity: 4D data from XSS is used to obtain 4 curvature fields that are then iteratively integrated to obtain the 2D surface profile [43] .
In more detail, from a 2D scan of the diffuser, four curvature fields are obtained by applying the formulae 14, first with ∆r = N p ix .x and then with ∆r = N p ix .y, i.e. by correlating speckle signals of pixels with the signals received in the upper and lateral neighbouring pixels. Each cross-correlation operation provides (from Eq. 15 two curvature fields in the orthogonal reference (x, y):
from which the two wavefront gradients:
∂W ∂x and ∂W ∂y (18) are recovered by a 2D numerical integration method [44] [45] [46] [47] . Finally a third 2D integration of ∂W ∂x and ∂W ∂y provides W . For an X-ray mirror with a sag of a few micrometers and when working at shallow angles, it was shown that an iterative corrective approach must be employed for an accurate surface mapping [48] . For the present 2D approach, this iterative procedure imposes necessarily the recovery of the four curvature fields, a condition not fulfilled in [42] . Figure 8.(a-d) shows the four curvature fields obtained using the XSS in self-correlation mode for the 2D characterization of the Zeiss substrate used in [48] . The optical surface is 50 mm long and the incidence angle of measurement was of 0.13 degree and d = 1034 mm. The speckle generator scan was of 32x32 points. In this example, the step sizes used for the scan of the membrane were different for the horizontal and vertical directions with respective values of 0.25 µm and 2.9 µm. In the processing, we used ∆r = 4p ix , which is value clearly larger than the detector point spread function but still small enough to preserve the resolution provided by the detector and the setup magnification. The FReLoN camera coupled to its optics gave an effective pixel size of 5.8 µm. The magnification of the optics was then used to increase the angular sensitivity through the factor Γ (which does not need to be known here) and the sampling resolution on the mirror in the longitudinal direction. Figure 8.(f) is a 3D rendering of the mirror tangential slope error from the targeted ellipse.
C. Multilayer interference fringes
We illustrate the use of the previous methods here, restricted to a single dimension this time, with another investigative application. A problem often encountered when using reflective optics, either in total reflection or with reflective multilayer coatings, is the appearance in the reflected beam of intensity fringes orientated perpendicular to the photon propagation direction and orthogonal to the reflection normal axis. These fringes can be detrimental for many applications such as in imaging where they hinder the full use of the dynamic range of the detectors and may complicate intensity normalisation processing.
According to Morawe et al. [49] , these fringes originate mainly from the shape error of the substrate which is transferred to the conformal multilayer coating. To investigate this effect a mirror was illuminated under total external reflection and at the multilayer Bragg angle. The XSS method was applied in one dimension. The results illustrate the case of a 90 mm long, silica substrate polished at the Institut d'Optique Graduate School and another multilayer coated mirror with deposition characteristics [W/B 4 C] 60 d − spacing = 4 nm.
The speckle generator was placed, as in the previous experiment, at a 400 mm distance upstream of the mirror while the distance from the X-ray optics to the detector was of d = 915 mm and d = 955 mm for the respective measurements. The grazing incidence angle of the photon onto the mirror was of 0.21 degrees and the working energy of E = 8 keV for the uncoated substrate and E = 17 keV for the coated one. The detector used was the PCO Edge 4.2 camera coupled with optics giving a pixel size of 0.63 µm. The scan of the speckle generator consisted of 150 points with a step size of 0.25 µm. Figure 9.(d) shows a good correlation between the observed intensity modulation and the measured mirror curvature. On the same graph, one can observe that the corresponding problematic height error amplitude is in the order of the wavelength, i.e. at the Angstrom level. In the right part of Fig. 9.(f-g) , the correlation between the intensity modulation and the local wavefront curvature is even more striking while the peak-to-valley corresponding defects in the medium spatial wavelength are smaller than the Angstrom. This range of height error is inaccessible with current offline metrology and the currently available technology and techniques do not allow the correction of such small defects.
This relationship linking the intensity modulations to the mirror curvatures in the mm −1 spatial frequency scale with amplitude of the order of the wavelength actually supports the theoretical model published by Nicolas and Garca [50] and older models with visible light [51] .
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D. Lens metrology
Another interesting application of X-ray speckle-based metrology methods is the characterization of inline refractive optics, especially to assess the shape errors of lenses prior to permanent installation on a beamline.
For such at-wavelength characterization, we use a setup as sketched in Fig. 1.(a) where the speckle generator, the inline optical component and the detector are aligned. XST, XSVT, XSS or any more advanced scheme can be employed to recover the phase shift induced by the optics. Figure 10 shows the information retrieved for an aluminium lens using the XSVT techniques from two stacks of images. The lens was produced in a first batch of Al lenses at the ESRF with a design radius at the apex of R apex = 50 µm and a physical aperture of ∼ 440 µm. The speckle generator was made of cellulose acetate with a 1.2 µm pore size. The distance from the speckle generator to the lens was 400 mm and the distance from the lens to the detector was d = 905 mm. The detector, a PCO Edge 4.2 camera coupled to a 10x microscope objective, after distortion correction of the images gave a pixel size of p ix = 0.63 µm. The photon energy was E = 17 keV.
For each of the sample and reference scans, 81 images were collected from which the differential wavefront gradients induced by the lens were computed using Eq. 11 ( Fig. 10 (a-b) ). The wavefront gradient errors were calculated by removing the best vertical, respectively horizontal, plane fit from the wavefront gradients. The wavefront error W err of the lens was obtained by integration of the wavefront gradient errors and finally the thickness error T err was found by the linear relation: W err /δ(λ). For the case presented here δ Al (17 keV ) = 1.87 × 10 −6 .
Assuming the wavefront being the sum of a perfect spherical surface W s and an error deviation from it W err , we can calculate a differential focusing distance f along an axisr = r/|r| from a two dimensional fit of the surface derivative of W = W s + W err :
where . denotes the quadratic mean and since by definition we set W err = 0. Note that for a perfectly rotationally symmetrical lens, f is constant for any r. Experimentally this is however often not the case, with most lenses presenting some degree of astigmatism. This calculation permits determination of the radius of a single bi-concave lens at the apex which is equal to
For the lenses presented, one can observe in Fig. 10 (ce) rings which are attributed to imperfections of the punches used during from the lens forming process. This XSVT method is now routinely applied at the ESRF for the inspection of the newly acquired or manufactured lenses. With only a few minutes necessary for the characterization of a lens, the method is very sensitive and easy to implement for batch analysis. Stacks of lenses are also studied following the same methodology. In that case, usually a higher energy is selected. This allows the detector to intercept a beam that is still large enough -at lower energies the focusing would reduce the beam size at the detector-and thus provides an acceptable resolution.
Such obtained metrology data represent what is called a zonal approach, i.e. 2D pixelized maps of the optics aberrations. From these data, a modal decomposition can be obtained [52] . Indeed, an easy and fast way of representing a lens shape error consists of decomposing its resulting aberrated wavefront onto orthonormal polynomials [53] . Such a description permits a more ready interpretation of the type of defects of the lens and compare it to other optics as is routinely done for visible light optics.
The previous Al single lens is weakly focusing as is the case for most refractive optics in the X-ray regime [4] . Yet, some X-ray refractive optics where several elements are printed or made from a single bulk cannot be dismantled into elementary parts, present a much stronger focusing effect.
When the focusing effect is very strong and/or when the phase distortion induced varies rapidly across the aperture, the implementation of a speckle technique in the differential mode can become difficult or impossible. Indeed, with a very large and spatially rapidly varying distortion of the wavefront, the correlation algorithm can no longer track the modulation pattern from one stack of images to the other. In that case, the absolute mode can become efficient in the hypothesis that the phase defects present in the incoming beam are much smaller than those generated by optics under characterization. For a beamline such as BM05, where only two Beryllium windows and two flat crystals interact with the beam (no other focusing optics), this assumption is often valid.
The speckle scanning self correlation mode of II B 5 can be employed in the same way as for the online characterization of the mirror of Sec. III B and III C. Figure 11 shows an illustration of the method on a SU-8 lens stack consisting of two crossed 1D lens stacks produced by Xray LIGA.
The focal length of this lens at the measurement energy of E = 30 keV was 250 mm. Note that the speckle generator was mounted after the lens, at a distance l = 95 mm. This location of the speckle generator overcomes the problems encountered when the lens material diffracts too strongly thus blurring or masking the random modulation pattern. The detector was located d = 500−95 mm from the speckle generator or d = 2f . At this location the magnification of the random speckle pattern is equal to about -1. The speckle generator was scanned twice, once in each transverse direction of the beam with a step size of 1 µm. As in Sec. III B, the wavefront gradient errors were recovered from integration of the curvature maps obtained using Eq. 15. Correlation delays were calculated from pixels located at a distance of ∆r = 4s pix . Fig. 11 shows that this lens still suffers from significant wavefront gradient errors of the order of a few microradians. 
E. Adaptive optics optimization
Now, we apply the speckle tracking methods to X-ray adaptive optics optimization. Although a first demonstration was described in Ref. [54] , further work has highlighted the advantages of the speckle-based technique for online X-ray optics optimization [9] .
The most used kind of X-ray adaptive optics are deformable mirrors with controllable surfaces. These optics can be either of the bimorph kind with a small or large number of piezo actuators, or mechanical benders with motors with incremental steps in the nanometer or subnanometer range. Whilst bimorph mirrors usually offer a larger degree of freedom with more actuators, they also require electronics with high stability to keep the actuator steady over long periods of time, which is not the case with dynamically bent mirrors.
The BM05 beamline of the ESRF is equipped with a Kirkpatrick-Baez reflective optics systems based upon made of two mechanically bendable mirrors mounted orthogonally. Each mirror bender has two encoded actuators at the ends of the mirror surface. For metrology, this system permits evaluation of various schemes for optics optimization and to explore the potential of the methods.
The setup of this experiment is equivalent to that shown in Fig. 2(b) but with the speckle generator this time located downstream of the reflective optics. The position of the speckle generator after the adaptive optics is important since we want to optimize the ensemble of all the optical components present along the beamline, hence they have to be upstream of the speckle generator.
A good explanation of the theory of wavefront optimization through matrix inversion and of the possible processing schemes is given by Tyson in his book [55] . In short, wavefront optimization through matrix inversion consists in a first phase of measuring, for each of the actuators, the effect of an incremental step on the wavefront or its derivatives. Hence, differential metrology is required for this task. It can be done either by working in a differential mode as described earlier, or by using the accurate and easy to implement XSS self-correlation mode, as is the case here. This consists of subtracting the wavefront measured before and after having applied a command to an actuator. The response function of each actuator is then placed as a column of a matrix A with as many columns as the number of degrees of freedom (actuators) that the system contains. The process implies that the system is repeatable and even linear, which often calls for encoders to guarantee a correct displacement of each actuator.
Then, by using the notation Υ for the vector wavefront error (or respectively for its gradient or curvature) as measured with absolute metrology, and Ψ for the piezo correction that needs to be applied, the problem requires solution of the linear equation Υ + AΨ = 0. This equation is usually solved in the least square sense by matrix inversion to obtain Ψ = −A −1 Υ. Because the matrix A is not square and singular with computer working precision, the inversion is operated in the Moore-Penrose pseudo-inverse sense using singular value decomposition, Gauss elimination, Cholesky decomposition or any other alternative numerical method [56] .
The optimization of the wavefront can be done on the wavefront surface, on its gradient, or on the curvature, all three being linked by an integral relation. Usually, this question can be answered by the nature of deformation implied by the actuators: bimorph mirrors combine well with curvature sensing systems while benders provide better results when used in combination with slope measurements [55] . Regarding the fitting of polynomials to the wavefront error, one can also fit the derivative of the surface polynomial to the slope error to infer directly the wavefront error in a modal manner. Though, in the X-ray regime, the zonal approach can be favoured since the resolutions used are high with respect to what is encountered in visible light optics. Such a zonal approach permits a full description of the system although only the low orders can be compensated. Figure 12 shows the actuator influence function on the (c) wavefront, (b) wavefront slope and (a) wavefront curvature of the two actuators of the BM05 vertical focusing bender measured 240 mm from the mirror focus (which for this case was also set to approximately one focal distance of the mirror for convenience purposes). Note that the tilt has been removed by subtracting the mean value of the slope. Figures 12.(d-f) show the wavefront errors, the wavefront gradient errors and curvature errors after three correcting iterations. One can observe that the method converges quickly thanks to the high accuracy of the online metrology, while the limited number of actuators of the system is the main limitation on the system performance. Indeed, the S-shape of the remaining wavefront error, corresponding to a polynomial of order three, indicating that more than two actuators would be needed to further correct the optics. Other work on bi-morph mirrors with more actuators proved the validity of the concept for higher order systems [citation needed].
IV. CONCLUSIONS
Several concepts of speckle tracking through different geometries and processing schemes have been reviewed and discussed. At-wavelength metrology applications of the X-ray near field speckle methods can be used to extract both absolute and differential characteristics of the beam and optics. The configurations presented here are not exhaustive but permit illustration of the core principles with which the setup and processing can be adapted for a wide range of X-ray optical elements.
The application of X-ray speckle approaches has already been demonstrated with low coherence sources, meaning that the presented schemes are possibly applicable to laboratory sources provided a few adjustments are implemented, especially in terms of beam monochromaticity. These at-wavelength characterization methods are now routinely available at synchrotrons as illustrated in this paper. They may also become attractive to the XFEL sources that have recently started operation. With moderate efforts they are expected to find applications in laboratory sources as well. Speckle based methods could thereby help in the manufacturing of better optics during their production stage or for instance enable the manufacturing of compensating optics.
Finally, although the present paper recalls some fundamentals when using speckle based methods for adaptive optics, previous work already demonstrated the interest in the techniques and especially the potential of the XSS method for achieving the ultimate optimization and focusing of optics with actuators due to the high sensitivity and resolution provided by the method [54] .
